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Abstract
Let G be a simple graph. Let 1(G) and 1(G) denote the largest eigenvalue of the adjacency matrix and the Laplacian matrix of
G, respectively. Let  denote the largest vertex degree. If G has just one cycle, then
1(G)2
√
− 1.
The equality holds if and only if GCn.
And
1(G)+ 2
√
− 1.
The equality holds if and only if GCn, n is even.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Let G = (V ,E) be a simple undirected graph with V = {1, 2, . . . , n}. Let A(G) be the adjacency matrix of G and
let D(G) be the diagonal matrix of vertex degrees. The Laplacian matrix of G is L(G) = D(G) − A(G). Both A(G)
and L(G) are real symmetric matrices. Let 1(G) and 1(G) be the largest eigenvalue of A(G) and L(G), respectively.
Let di denote the degree of i ∈ V and let  denote the largest vertex degree of G.
LetT be a tree with largest vertex degree , in [2], Godsil proved that
1(T)< 2
√
− 1. (1)
In [4, Theorem 1, p. 36], Stevanovic´ proved (1) again in a different way and proved that
1(T)<+ 2
√
− 1. (2)
In this paper, we prove that if G has just one cycle, then
1(G)2
√
− 1.
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The equality holds if and only if GCn.
And
1(G)+ 2
√
− 1.
The equality holds if and only if GCn, n is even.
For other undeﬁned notions, we refer the reader to [1].
2. Main results
Deﬁnition. LetT be a tree, if x and y are nonadjacent vertices ofT, thenT + xy is obtained fromT by joining x
to y.T+ xy just contains one cycle. We callT+ xy an unicyclic graph.
Let Cn denote a cycle of length n, it is well known 1(Cn) = 2 and (1/√n, 1/√n, . . . , 1/√n)T is a positive unit
eigenvector of A(Cn) corresponding to 1(Cn) = 2.
Theorem 1. If G is a unicyclic graph and  is the maximum vertex degree, then
1(G)2
√
− 1, (3)
where 1(G) is the maximum adjacency eigenvalue of G. The equality holds if and only if GCn.
Proof. Let x= (x1, x2, . . . , xn)T be a positive unit eigenvector of A(G) corresponding to 1 =1(G), let xi correspond
to vertex i ∈ V . We have that
1 = 1‖x‖2 = 1
∑
i∈V
x2i =
∑
i∈V
xi
∑
{j :{i,j}∈E}
xj = 2
∑
{i,j}∈E
xixj .
Since G is a unicyclic graph, there will exist a cycle as a induced subgraph of G, it is denoted by Ck . The vertices
of Ck are denoted by 1, 2, . . . , k. For Ck , we give an orientation i → i + 1, i = 1, 2, . . . , k, k + 1 ≡ 1 (mod k).
The graph G − E(Ck) consists of k trees, it is denoted by Ti , i = 1, 2, . . . , k. We give an orientation to each edge
inTi , such that there exists a directed path from every pendant vertex ofTi to the vertex i ∈ V (Ck). Thus we get
a digraph −→G .
Since G has just one cycle, we have |E| = |V |. For the digraph −→G , let
∑
{i,j}∈E
xixj = x1xi1 + x2xi2 + · · · + xnxin , (4)
where ij ∈ V (G) and the xixij corresponding to the arc (i, ij ) of −→G . For ∀i ∈ V (−→G), the outdegree d+(i) = 1 and
the indegree d−(i) = di − 1. Thus
n∑
j=1
xij =
n∑
i=1
(di − 1)xi .
Similarly, we have
n∑
j=1
x2ij =
n∑
i=1
(di − 1)x2i .
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From Cauchy–Schwarz inequality applied to (4), it follows that
∑
{i,j}∈E
xixj 
√∑
i∈V
x2i
√√√√ n∑
j=1
x2ij
= √1
√∑
i∈V
(di − 1)x2i

√
(− 1)
∑
i∈V
x2i =
√
− 1.
Thus
1(G)2
√
− 1.
If the equality holds, then∑
i∈V
(di − 1)x2i = (− 1).
And thus
di = , i = 1, 2, . . . , n.
Since∑
i∈V
di = n= 2|E| = 2|V | = 2n,
therefore = 2.
Conversely, if GCn, as it is well known = 2 and 1(G) = . 
We use already mentioned fact that if H is a subgraph of G, then 1(H)1(G). If G is a unicyclic graph, then T is
a subgraph of G. Thus we have that:
Corollary 2 (Godsil [2], Stevanovic´ [4]). LetT be a tree with largest vertex degree , then
1(T)< 2
√
− 1.
Let Cn be a cycle of length n and n is even, then 1(G) = 4 and (1/
√
n,−1/√n, . . . , 1/√n,−1/√n) is a unit
eigenvector of L(Cn) corresponding to 1(G) = 4.
The result can be obtained by a simple calculation.
Let G be a graph and let G′ = G + e be the graph obtained from G by inserting a new edge e into G.
Lemma 3 (Guo and Tan [3, Lemma 1, p. 72]). The Laplacian eigenvalue of G and G′ = G + e interlace, that is,
1(G
′)1(G)2(G′)2(G) · · · n(G′) = n(G) = 0.
Theorem 4. If G is a unicyclic graph and  is the maximum vertex degree, then
1(G)+ 2
√
− 1, (5)
where 1(G) is the maximum Laplacian eigenvalue of G. The equality holds if and only if GCn, n is even.
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Proof. Let y = (y1, y2, . . . , yn)T be a unit eigenvector of L(G) corresponding to 1 = 1(G), let yi correspond to
vertex i ∈ V . Let A = A(G),D = D(G),L = L(G). We have that
1 = 1‖y‖2 = 1yTy = yT1y = yTLy
= yT(D − A)y = yTDy − yTAy
=
∑
i∈V
diy
2
i −
∑
i∈V
yi
∑
{j :{i,j}∈E}
yj
=
∑
i∈V
diy
2
i − 2
∑
{i,j}∈E
yiyj .
Since 1(G)> 0, thus
1(G) = |1(G)| =
∣∣∣∣∣∣
∑
i∈V
diy
2
i − 2
∑
{i,j}∈E
yiyj
∣∣∣∣∣∣

∣∣∣∣∣
∑
i∈V
diy
2
i
∣∣∣∣∣+
∣∣∣∣∣∣2
∑
{i,j}∈E
yiyj
∣∣∣∣∣∣

∑
i∈V
y2i + 2
∑
{i,j}∈E
|yiyj |
+ 2√− 1 (similarly as in Theorem 1).
If the equality holds, then∑
i∈V
diy
2
i = 
and
−
∑
{i,j}∈E
yiyj =
∑
{i,j}∈E
|yiyj | =
√
− 1. (6)
We have that di = , i = 1, 2, . . . , n. And by Theorem 1 we have that = 2. That is, GCn.
For the Cn, let∑
{i,j}∈E
yiyj = y1y2 + y2y3 + · · · + yn−1yn + yny1.
By (6), we have that yiyi+1 < 0, i = 1, 2, . . . , n − 1, and yny1 < 0. Thus n is even.
Conversely, if GCn, n is even. Then = 2 and
1(Cn) = + 2
√
− 1. 
By Lemma 3, we have that:
Corollary 5 (Stevanovic´ [4]). LetT be a tree with largest vertex degree , then
1(T)<+ 2
√
− 1.
Acknowledgments
The author is grateful to the reviewers for their valuable comments and suggestions.
284 S. Hu / Discrete Mathematics 307 (2007) 280–284
References
[1] J.A. Bondy, U.S.R. Murty, Graph Theory with Applications, American Elsevier Publishing, NewYork, 1976.
[2] C.D. Godsil, Spectra of trees, Ann. Disc. Math. 20 (1984) 151–159.
[3] J.M. Guo, S.W. Tan, A relation between the matching number and Laplacian spectrum of a graph, Linear Algebra Appl. 325 (2001) 71–74.
[4] D. Stevanovic´, Bounding the largest eigenvalue of tree in terms of the largest vertex degree, Linear Algebra Appl. 360 (2003) 35–42.
